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Abstract

In homotopy type theory, few constructions have proved as troublesome as the smash product. While its
definition is just as direct as in classical mathematics, one quickly realises that in order to define and reason
about functions over iterations of it, one has to verify an exponentially growing number of coherences.
This has led to crucial results concerning smash products remaining open. One particularly important
such result is the fact that the smash product forms a (1-coherent) symmetric monoidal product on the
universe of pointed types. This fact was used, without a complete proof, by, for example, Brunerie ((2016)
PhD thesis, Université Nice Sophia Antipolis) to construct the cup product on integral cohomology and
is, more generally, a fundamental result in traditional algebraic topology. In this paper, we salvage the
situation by introducing a simple informal heuristic for reasoning about functions defined over iterated
smash products. We then use the heuristic to verify, for example, the hexagon and pentagon identities,
thereby obtaining a proof of symmetric monoidality. We also provide a formal statement of the heuristic
in terms of an induction principle concerning the construction of homotopies of functions defined over
iterated smash products. The key results presented here have been formalised in the proof assistant Cubical
Agda.

Keywords: Smash products; synthetic homotopy theory; symmetric monoidal categories; homotopy type theory; univalent
foundations; constructive mathematics

1. Introduction

In his 2016 proof of 74(S*) = Z/27Z in homotopy type theory (HoTT), Brunerie (2016) crucially
uses — but never proves in detail - that the smash product is (1-coherent) symmetric monoidal.
Due to the vast amount of path algebra involved when reasoning about smash products in HoTT,
this has since remained open. While it turns out that smash products are not needed for Brunerie’s
proof (Ljungstrom and Mortberg 2023), the problem is still interesting in its own right.

Several attempts have been made at salvaging the situation. van Doorn (2018) came very close
by considering an argument using closed monoidal categories but left a gap where the path algebra
became too technical. To be more precise, Van Doorn never verified that the equivalence

(ANB—,C)~(A—,(B—. () 1

is a pointed natural equivalence. Another line of attack by Cavallo and Harper (Cavallo and Harper
2020; Cavallo 2021a) is the addition of parametricity to the type theory, which leads to a rather
ingenious proof of the theorem. This, of course, happens at the expense of making the type theory
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more complicated. Yet another solution was studied by Brunerie (2018) who used Agda meta-
programming to generate the relevant proofs. Possible philosophical objections to such a solution
aside, Brunerie’s generated proof of the pentagon identity failed to type-check due to its high
memory consumption.

In this paper, we provide another solution by introducing an informal heuristic for reasoning
about functions defined over iterated smash products. This approach vastly reduces the complex-
ity of the identity proofs involved. We use this to give a complete proof of the fact that the smash
product is 1-coherent symmetric monoidal. We finally discuss how to make the heuristic formal
and express (a version of it) as a theorem which we also prove (see Theorem 30).

The paper is structured as follows. In Section 2, we introduce the two fundamental concepts of
interest, namely symmetric monoidal wild categories and smash products. Section 3 introduces
a new higher inductive type (HIT) capturing double smash products. We use this to sketch the

construction of the associator map aapc:(AAB)AC = A A (BAC). In Section 4, we make a
small detour and discuss induction principles for the smash product. It is here that we introduce
the heuristic mentioned above. In Section 5, we apply our heuristic and sketch the proof of the
symmetric monoidality of the smash product. Finally, in Section 6, we discuss the translation of
our heuristic into a formal result. We provide one suggestion and prove it correct.

This paper is written in the informal flavour of type theory employed in, for example,
The Univalent Foundations Program (2013). Nevertheless, all key results have been for-
malised in the proof assistant Cubical Agda (Vezzosi et al. 2021), a cubical extension of Agda
which, in particular, enjoys native support for HITs. A file summarising the relevant for-
malisations can be found in the agda/cubical library at https://github.com/agda/cubical/blob/
master/Cubical/Papers/SmashProducts.agda (and, alternatively, on a frozen branch at https://
github.com/aljungstrom/cubical/blob/smashpaper/Cubical/Papers/SmashProducts.agda).

2. Background

Let us briefly introduce the key concepts of this paper: symmetric monoidal wild categories
and smash products. We assume familiarity with HoTT and refer to the HoTT Book (The
Univalent Foundations Program 2013) for the basic constructions and definitions used here.
For the remainder of this paper, we adopt the convention that square-shaped diagrams denote
(i) commutative squares of functions whenever their source is in the top-left corner and
(ii) commutative squares of paths whenever their source is in the bottom-left corner. For
instance, the left diagram below expresses the identity (of functions) g o f =io h, whereas the
right diagram below expresses the identity (of paths) p-g=r-s.

h q
— —

<

a——
U — W™
~
NT>§

8

=

—

2.1 Symmetric monoidal wild categories

To make the statements in this paper somewhat more compact, we employ the framework of wild
categories. These are defined similarly to categories but without the condition that the morphisms
form a set (Capriotti and Kraus 2017):

Definition 1 (Wild categories). A wild category is a category with a type of objects and types of
morphisms.

https://doi.org/10.1017/5S0960129524000318 Published online by Cambridge University Press


https://github.com/agda/cubical/blob/master/Cubical/Papers/SmashProducts.agda
https://github.com/agda/cubical/blob/master/Cubical/Papers/SmashProducts.agda
https://github.com/aljungstrom/cubical/blob/smashpaper/Cubical/Papers/SmashProducts.agda
https://github.com/aljungstrom/cubical/blob/smashpaper/Cubical/Papers/SmashProducts.agda
https://doi.org/10.1017/S0960129524000318

Mathematical Structures in Computer Science 987

The difference between a wild category and a category is that the latter asks for sets of morphisms.
In this paper, the wild category of interest is that of pointed types (at some universe level which is
left implicit in this paper).

Proposition 2. Let Type, denote the universe of pointed types (at some universe level). This
universe forms a wild category with Type,[A, B] := (A — . B), that is, with pointed functions as
morphisms.

The main goal of this paper is to show that Type, is not only a wild category but also a symmetric
monoidal wild category, so let us define this.

Definition 3 (Monoidal wild categories). A monoidal wild category is a wild category M with

o afunctor @ : M x M — M,
o a unit, that is, an element I : M with natural isomorphisms b : IQ A= Aand ps : AQIZA,
o afamily of isomorphisms s pc: ((A® B) ® C) = (A ® (B® C)) natural in all arguments such
that
- the triangle identity holds, that is, the following diagram commutes,

OALB

(AoI)®B » A® (I®B)

pAm %@lg
A®B

- the pentagon identity holds, that is, the following diagram commutes.

((A®B)®C)®D
aA‘,W W)’D
(A9 (B®C))®D (A®B)® (C®D)

aA,B@C-,Dl l“A.,B,C@D

14®a
A® ((B®C)®D) ATRCD » A® (B® (C®D))

Definition 4 (Symmetric monoidal wild categories). A symmetric monoidal wild category is a
monoidal wild category equipped with a family of isomorphisms Bap: A Q@ B=B® A, natural in
both arguments, such that

* BAoBas=1aeB
o the hexagon identity holds, that is, the following diagram commutes.

1
(A®B)®C % (BeA)®C

aAAB,Cl la BAC

A®(B®C) B®(A®C)

ﬁA,B@CJ/ llB ®fac

(B®C)®A e B® (C®A)
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2.2 Smash products

The model of the smash product we use here is given by the cofibre of the inclusion A v B~
A X B, that is, the following (homotopy) pushout.

AvVvB —— AxB

I

1 — AAB

For the sake of clarity, let us spell this out in detail by giving explicit names to all constructors of
A A B. We give the smash product the following self-contained definition.

Definition 5 (Smash products). The smash product of two pointed types A and B is the HIT
generated by:

e apointx,:AAB,

o points (a, b) : A A B for every pair (a,b) : A X B,

o paths push((a) : (a, xg) = % for every point a: A,
o paths push,(b) : (x4, b) = xA for every point b : B,
o a coherence pushy, : push|( %4 ) = push,(*p).

We always take A A B to be pointed by % .

Remark 6. We remark that we could equivalently have defined the smash product by the following
pushout.

A+B —— AxB

I

1+1 —— AAB

This definition has the advantage of not having any 2-dimensional path constructors but has the dis-
advantage of having an additional point constructor. It turns out that Definition 5 suits our purposes
better, so we stick with it. Alternatively, we could have defined the smash product to have (x4, xp) as
its canonical basepoint. Such a definition is obtained by forming the HIT generated by:

o points {a, b) : A A B for every pair (a,b) : A X B,

« paths push|(a) : (a, xg) = (xa, xB) for every point a: A,

o paths push,(b) : (xa, b) = (x4, *p) for every point b : B,

o a coherence push, : push|(x4 ) = push,(*p),

o a coherence push,, : push|( x4 ) = refl.
It was suggested to us by an anonymous reviewer that this definition could allow certain statements
in this paper to be expressed in a slightly less convoluted way (in particular Lemmas 19 and 20).
We stick to Definition 5 as it is more commonly used in the HoTT literature but remark that the

interested reader may find it enlightening to reinterpret the results of this paper in terms of the
definition above.

Let us verify that the smash product is functorial. In what follows, a pointed function A —, Bisa
function f : A — B equipped with a proof of pointedness 7 : f( %4 ) = *5.
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Definition 7. For two pointed functionsf : A —, Cand g : B—, D, there is an induced map f A g :
A A B —, CA D defined on point constructors by:

(f AQ) (xn)=%p
(f A 8) (@ b) = (f(a), g(b)
and on (1-dimensional) path constructors by the following compositions:
2Py ) (/@)
apyg(push(@) = {f(@), g(%p)) — "5 (f(a), %) pushi(f@)

apf/\g(pUShr(b)) = (f( *A ),g(b)) aP(—g))

A

() push,(g(b))
—— (¢, g(b)) ———> %

The final case of the definition, that is, apapng(pushlr), is a simple coherence which does not matter
in the remainder of the paper. We take f A g to be pointed by refl.

A

We also take the opportunity to mention the commutativity of smash products. This is trivial since
the definition of A A B is entirely symmetric in both arguments.

Proposition 8. The swap map A x B— B x A induces a pointed equivalence A A B>, BA A.

3. Associativity

Proving that the smash product is associative is far less straightforward than proving that it is com-
mutative. In fact, even the seemingly direct task of constructing the associator map is no mean
feat. While associativity has already been verified by van Doorn (2018) and, using a computer-
generated proof, by Brunerie (2018), let us give a direct construction of the equivalence. We do
this because an explicit description makes the associator easier to trace when verifying, for exam-
ple, the pentagon identity. For this purpose, let us introduce a new HIT capturing double smash
products in a way which is neutral with respect to the distribution of parentheses.

Definition 9. Given pointed types A, B and C, we define the type )\ (A,B,C) to be the HIT
generated by:

e apoint xya,

o points {a,b,c): )\ (A, B, C) for each triple of points (a, b,c) : A x B x C,
o paths push(b, ¢) : (xa, b, ¢) = %2 for each pair (b,c) : B x C,

o paths push;(a, c) : {a, xg, ¢) = xa for each pair (a,c) : A x C,

o paths push,(a, b) : (a, b, xc) = . for each pair (a,b): A X B,

o paths push ,(a) : push,(a, xc) = push,(a, xp) for a: A,

« paths push ,(b) : push,(b, xc) = push,(xa, b) for b : B,

» paths pushy ; (c) : pushy(xp, ¢) = push; (x4, c) for c: C,

» a coherence push, | , filling the following triangle.

pushg, (*p)

pushy(*g, *¢) > pushy (¥4, *p)

P“Sho,m /PUShl,z(*A)

push; (%4, *c)
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Table1. (AAB) ACvs. A (A4, B,C)

(AAB)AC — A (A B, Q)
*A b *28
(*n, €) b~ *20
({a, b), c) [ (a,b,c)
ap_ g (push, (a)) h push, (a, )
ap_ g (push,(b)) b~ pushy (b, c)
Py (pushy,) [ pushg 4 (¢)
push;(*x ) h refl
push(a, b) h push,(a, b)
aPpysh, (Push; () [ push 5(a)
appysh, (Push, (b)) [ pushg ,(b)
APap (pushy,) e pushy,; »
push,(c) [ refl
pushy, b refl

Let us verify that this actually captures a double smash product. What we need is an equivalence
(AAB)ACx~ (A, B, C). The underlying map of this equivalence is described in Table 1 with
constructors of (A A B) A C on the left and the corresponding constructors of A (A, B, C) on
the right. We remark that this correspondence only serves as an informal sketch of the func-
tion - in practice, some simple coherences are needed for the higher constructors to make it well
typed. Verifying that this map indeed defines an equivalence is somewhat laborious but direct; the
interested reader is referred to the computer formalisation. We get the associativity of the smash
product as a consequence.

Proposition 10. There is a pointed equivalence aapc: (AANB)AC>~, AN (BAC)

Proof. Observe that /\ (4, B, C) is trivially invariant under permutation of the arguments in the
sense that, for example, /\ (4, B, C) >~ A (B, C, A). This allows us to define a4 p,c by the following
composition of equivalences:

(A/\B)/\C:/\(A,B,C):/\(B,C,A):(B/\C)AA:A/\(B/\C)
The fact that a4 g ¢ is pointed holds by refl. U

4. The Heuristic

Reasoning about functions defined over iterated smash products quickly gets out of hand. For
instance, in order to verify the pentagon axiom, we need to reason about functions on the form
((AAB) AC) AD— E. To prove an equality of two such functions f and g, we have to construct,
for instance, a dependent path:

apapapfopushlopush| (pushi(a)) ~~» apapapgopush|OPUSh| (push(a))

)

which boils down to filling a 4-dimensional cube with highly non-trivial sides. This is often com-
pletely unmanageable in practice. The best thing we can hope for is that these types of coherence
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problems are, in some sense, automatic. This was, in fact, suggested by Brunerie (2016) but was
never proved nor in any way made formal. In this section, we will see that this, in fact, is the case.

The first troublesome part of verifying equalities of functions defined over smash products is
the push,, constructor. Fortunately, we do not have to deal with it. Let us denote by A A B the exact
same HIT as A A B but with the push, constructor removed. In other words, it is the following
pushout.

A+B —— AxB

L

1 — ARB

Let i be the obvious map A A B— A A B.
Lemma 11. For any two mapsf,g: A A B— C satisfying f oi =g o i, we have that f = g.

Proof. The antecedent of the statement provides us with

apathp:f(xa)=g(*xr),
a homotopy h: ((a,b) : A x B) — f(a, b) =g(a, b),
« foreach a: A, afiller hj(a) of the square

ap, (push, (a))
gla, xg) ———= g(*1)

h(a,*B)T TP
fla, xp) W f(*n)

« for each b: B, afiller h,(b) of the square

ap,(push, (b))
g{*a,b) ———— g(*4)

h(*A,b)T TP
f(*a,b) W f(*r)

To prove that f = g, we need to provide p/, I/, h;, H,. of the same types as above, as well as a filler
hy, of the cube

g(*Ay*B> apg(pUShr(*A))—> g(*/\)

S~ [N

g(*a, *p) — apg(pushi(x4)) —> g(*,)

f(*A7 *B) an(PUShr(*A)) — f(*/\)

S~ N

Fl*a,*B) — aps(pushi(x4)) — f(*)
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where the top and bottom squares are given, respectively, by apapg(pushlr) and apapf(pushlr), the

left- and right-hand side, respectively, by refly,(,, .5 and refly and the front and back, respectively,
by k() and h,(*p).

We set p':=p, ' :=h and hj:=h;. For h;, however, we need to make an alteration. We
construct it as the following composite square

ap,(push, (b))
g{*a,b) —_ g(xn) == g(*4)

h(*a ,b)T TP TP

Parb) s Fon) == £(50)

where the square on the left is h,(b) and the square on the right is the lid of the cube

g(*n) g(*n)
\p T \p
apg(pushi(x4)) ™ apg(push, (%)) ™
f(xn) ' f(xn)
T ‘ T
ap, (pushy(+1)) ap; (push, (+5))
g{*a, *B) g(*a, *B)
< |
h(%a,%B) h(%4,%B)
f{*a,*B) f{*a,*B)

with /(x4 ) and h,( xp ) as left- and right-hand sides, the action of f and g on push;, on the front
and back, and refly,,, .) on the bottom. One can now easily construct the filler & by generalising
the cubes involved and applying path induction.

Remark 12. Lemma 11 is a special case of the more general statement that i is a retraction (this
was called to our attention by Dan Petersen). In fact, there is an equivalence AA B~ S' v (A A B)
under which the map i becomes the canonical retraction S' Vv (A A B) — A A B. To see this, consider
the following commutative diagram.

ki
Lk

—_—— o — —

— N g

— AxB

By taking pushouts of the rows, we produce the span 1 <— A+ B— A x B, the pushout of which is
A X B. On the other hand, by taking pushouts of the columns, we produce the span S' < 1— A A B,
the pushout of which is S' v (A A B). This yields the desired equivalence A X B~ S' \/ (A A B) by the
3x3-lemma (introduced by Brunerie 2016, Lemma 1.8.3 with computer formalisation by Pujet and
Mortberg 2020). The fact that i factors in the appropriate manner follows by construction. Thus, we
have given an alternative proof of Lemma 11.

Lemma 11 is useful but does not get us all the way. Complicated paths like (2) still need to be
constructed, regardless of what happens with the push, constructor. To strengthen the principle,
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we will need to introduce the concept of homogeneous types which, to the best of our knowledge,
was first introduced (in HoTT) by Kraus (2013).

Definition 13. A pointed type A is homogeneous if for any a: A, there is a pointed equivalence
(Aa *A) - (A’ ll).

The usefulness of homogeneous types is showcased by the following lemma which was first
conjectured for Eilenberg-MacLane spaces in work leading up to Brunerie et al. (2022) and
later proved and generalised by Cavallo (2021b) (and later further generalised by Buchholtz
et al. 2023).

Lemma 14 (Cavallo). Let f, g: A —, B and let B be homogeneous. If f = g as plain functions, then
f = g as pointed functions.

The same lemma holds for bi-pointed functions f, g : A —, (B—, C), since the type (B —, C) is
homogeneous if C is. This gives a corresponding principle for maps defined over smash products
via the adjunction (A A B—, C) ~ (A —, (B—, Q)).

Lemma 15. Let f,g: AAB—, Cand let C be homogeneous. If f(a,b) =g(a,b) forall a: A and
b : B, we obtain an equality of pointed functions f = g.

The following form is useful when dealing with non-pointed functions.

Lemma 16. Let C be an arbitrary type and suppose that we have two functions f,g: AANB— C
with (C, f(*x )) homogeneous. If f(a,b) =g(a, b) foralla: Aand b: B, thenf =g.

Proof. Let h(a,b): f(a, b) =g(a, b). We know that g(x» ) =f(*x ) by the composite path

apg(pushy(x4)) ™" Bk i)~ apy(push(xa))
g(xn ) — 5 glka, %) 22 Flxp, kp) ————— f(*n)
Hence, we may view both f and g as pointed functions A A B—, (C, f(*4 )). Now, Lemma 15
applies and, in particular, f = g as plain functions. 0

If we could apply Lemma 15 or 16 when proving the pentagon identity, we would be done
immediately. Unfortunately, none of the types showing up in the statement of the pentagon
identity are necessarily homogeneous. There is, however, some use for the lemmas. Let us first
make the following observation: given two pointed functions f,g: A A B—, C and a homotopy
h:((a,b): A x B)— f(a,b) =g(a, b), we can define two functions L;, : A — Q(C) and R, : B—
Q(C) in terms of h and push/push,. The obvious definition of these maps (which we will spell
out in Definition 17) will give us a version of Lemma 11 which tells us that if L, and Ry, are con-
stant, then f = g as plain functions. Now, if either A or B is another smash product, this would be
a situation where Lemma 16 applies since ©2(C) (and indeed any path type) is homogeneous. This
suggests that Lemma 16 may be used our advantage when dealing with iterated smash products.
Let us try to spell this out more clearly. We can state the idea without any pointedness assump-
tions by simply replacing €2(C) with the path type f(x1 ) = g(xA ) which is also homogeneous
(and agrees with Q(C) whenever f and g are pointed).

Definition 17. Let f,g:AAB— C and let h:((a,b): A x B) — f(a, b) =g(a, b). This induces
functions Ly, : A — f( x5 ) =g(xx ) and Ry, : B— f( x5 ) =g(xx ) defined by:
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Ly(a) = ap;(pushy(@)) ™ - h(a, xp) - ap,(push(a))
Ru(b) = ap;(push,(5)) ™ - h(x4, b) - ap(pushy (b))

We may use Ly, and Ry, to give a compact induction principle for identities f = g. The following
lemma is a direct rewriting of Lemma 11.

Lemma 18. Let f,g: A A B— C. The following data yields an equality f = g.

o A homotopy h: ((a,b): A x B) — f(a,b) =g(a, D),
o paths L, = consty, (.,) and Ry, = CONsty, (xp).
where const,, denotes the constant function, that is, const,(x) = y. If C is a pointed type, f and

g are pointed functions and an equality f = g of pointed functions is desired, a further coherence
xf = Ly (%4 ) - *g is required.

The key idea now is, we stress again, to use Lemmas 18 and 15/16 iteratively to prove equal-
ities of functions defined over iterated smash products. As a first example, let us consider the
problem of proving an equality of functions f = ¢ where f,g: (A A B) A C— D. The following
lemma provides a good estimate of the minimal amount of data needed to construct such an
equality.

Lemma 19. For two functions f,g: (A A B) A C — D, the following data gives an equality f = g.

(i) A homotopy h: ((a,b,c):AxBx C)— f(a,b,c) =g(a, b, c),
(ii) for every pair (a, c) : A x C, a filler of the square

h(*4,*B,
f(*Av*Bac) ( A BC) g(*Aa*Bac)
an(_‘,b)(PUSh|(*A))71T Tapg(_m(pushl(*A))’1
J{xasc) g{*n;c)
apﬂf,c)(pushl(a)ﬁ Tapg«,@(pushl(a))
Ha, *p,¢) — s gla, *p,c)
(iii) for every pair (b, c) : B x C, a filler of the square
h(*4,*B,C
f{*a, *8,¢) SERLL g(*a, *B,¢)
a0y (push, ()| Taput-cy (push, (o)™
f(*/\,C) g(*/\,C)
2P (o) (push ()] Joput-ar (push )
f(xa;b,¢) ————— g(*a,b,¢)
h(*A,b,C)
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(iv) for every pair (a, b) : A x B, a filler of the square

h(*a,%B,*C)
RAWLL AN

f{*a,*B, *c) g(*a, *B, *C)

3P () (PUsh, (+5) ! ))T Tém{,,(_,*d(pushr(*f;)‘1 )
F{xas *c) g{*n, *c)
ap, (pushy (+) )] Topupushic-™)
f(*n) g(*)
apf<push.<a7b>)T Tapg(push.<a7b>)
Ha,byxc) — > gla,b,xc)

(v) for every point c: C, a filler of the square

Flxaxmwe) A oln wp )
30 (o) (push, (+)) '] Tpy(c o Cpush, (o)
f{xns*c) g{*n, *c)
ap (push (1) | Topy(pushy (<)
F(*n) g(*n)
ap,-(pushAc))T Tapg(pushxc))
f{*n,c) g(*x,c)
2Py (push (+))] Torcpush )
Fhoras#,6) e a2

Proof sketch. Suppose we have the given data. We apply Lemma 18 to f and g. This breaks the
proof up into two 2 subgoals.

« First, we need to provide a homotopy k: ((x,c) : (A A B) x C) = f{x,c) = g{x,c). To con-
struct k, we fix ¢: C and note that we may now apply Lemma 18 again: this time to the
functions f(—, ¢) and g(—, ¢). This gives us two new subgoals.

- First, we need a homotopy ((a,b,c): A x Bx C) — f(a,b,c) =g(a, b, c). This is given
by h.

- We finally need to show that Lj_ ) and Ry(_ ) are constant. This boils down to providing
fillers of the squares which we assumed in (ii) and (iii).

« We then need to show that Ly and Ry are constant. To show that Ly is constant, we apply
Lemma 16. This is justified since the codomain of Ly is homogeneous. Hence, we only need to
verify that Ly (a, b) = Li( %, ). Unfolding the definitions, we see that this is given by assump-
tion (iv). Note that this is where the explosion of complexity would normally happen but,
thanks to Lemma 16, we completely avoid having to verify any higher coherences. For Ry, we
again unfold the definitions to see that the path required is provided by (v). 0

For completeness, let us state the corresponding lemma for functions f,g: ((AAB)AC) A
D — E, as these appear in the pentagon identity. The proof is by Lemmas 18,16 and 19, following
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the exact same line of attack as before. We acknowledge that the following result is highly technical
but stress that the interesting aspect of it is not the exact details of the statement; rather, we include
it to showcase the fact that only squares are involved, as opposed to the (many) high-dimensional
cubes of coherences which would appear in a naive inductive proof.

Lemma 20. For any two functions f,g:((AAB)AC)AD— E, the following data gives an
equality f = g:

(i) A homotopy h: ((a,b,c,d): A x Bx Cx D)— f(a,b,c,d)y=g(a, b, c,d).
(ii) For every triple (a, b, c): A x B x C, a filler of the square

) h(*a,*B,*C*D)
AT

f(*a, *B, *c*p g(*a, *B, *c*p)

3P (- e (PSP () '] TPy nonpy (Push (x))) ™
f{*ns*c, *p) g{*a, *c, *D)
3P (- upp) (Pushy (1)) '] Tapecoupy (Pushi (50!
f{*ns*D) g(*r,*D)
apy (push (+)) '] Tapy(pushy ()™
f(*/\) g(*/\)
ap(pushy(ab.c))| Tape(pushy(ab.c)
fla,b,c,*p) habor) gla,b,c,*p)

(iii) For every triple (a,b,d) : A x B x D, a filler of the square

h(*4,%B*c)
AL EN

f(*Aa*Ba *C’d) g(*Aa*Ba*Cad>

aPf(— vy (PUsh, (x5) " ))T Tapﬂ,.*c.d)(push,(*g)-‘))
f{*n, *c, d) g(*n, *c,d)
apf<_‘d>(push|(*A)'1)T Tapsl(_’d)(pushl(*,\)_l)
f(*n,d) g{*n,d)
apf<_,d>(push|(a:h>)T Tapg(_‘d>(push|(a,b))
fla,b,+c,d) “hanad) gla, b, xc,d)

(iv) For every triple (a, ¢, d) : A x C x D, a filler of the square

f{*a,*B,c,d) Jlarped), g(*a, *p,c,d)
apr,d)(pushm))ﬁ Tapg“,ﬁ.,d)(push.(m))*‘
f(*/\,(,’,d> g(*,\,c,d)
ap_m,cAd)(pushl(a))T Tapghc,d)(push.(a))
f<a7 *B,C, d) h(a,xg,c.d) g<a7 *B,C,s d)
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(v) For every triple (b, ¢, d) : B x C x D, a filler of the square

f(*Aa*BaCad> M g(*Av*Bacvd>
30ty (push, ()| Tapet-cay (push, (o)
f(*/\7c7d> g(*,\,c,d)
an(—ﬁc,d)(Pushr(b))T Tapg(—,c.d)(PUShr(h))
f(*AvbaCad> h(*pb.cid) g(*A,b,C,d>

(vi) For every pair (¢, d) : C x D, a filler of the square

f(*a, *B, xc,d) Hearnred) g(*a, *B, *c)
2y gy (Push, (+5)) '] TPy ey (Push, (+)) ™"
f{*r ¢, d) g{*r, *c)
apf(_d>(push|(*A))‘lT" Tépg<_d>(push|(*A))_l
f(*/\vd> g(*,\,d)
3P (-.a) (Push, ()| T2pe(-.ay (Push,())
f(*/\acad> g(*/\acad>
3P (- c) (Push (+5)) | T2pe(-.cap (push, (+5))
f{*a,*p,c,d) Crmeed) g{*a, *p,c,d)

(vii) For every d: D, a filler of the square

h(*a,%B,*c,*D)
ATRTOTR

f(*a, *B, xc, *p) g(*a, *B, *C, *D)

an(fA*CA*D)(push|(*A)))_lT Tapg<’f*Cf*D)(pUShI(*A)))_I
f{*ns*c, *p) g{*n, *c, *D)
apf(i*D)(Push|(*A)))7lT Tapg<*,*p)(p“5hl(*A)))71
Sf{*n,*D) g{(*r;*D)
ap(pushy (+1)) '] Tap,(pushy (+1)))"
FGA) 8(xn)
apf(push,(d))T‘ Tépg(push,(d))
f(xa.d) 8§(*n, d)
3p -y (pushy ()] T2pe(-.a) (pushi(+2)))
f(*n, xc,d) g{*n, *c,d)
apf(_,*c,d)(PUShK*A)))T Tapg<_’*c’d)(push|(*A)))

f(*Aa*Ba*Cad> g(*Aa*Ba*C7d>

h(*4,xg,*c,d)
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Let us make three observations about Lemmas 19 and 20:

1. In both statements, the different pieces of data are almost completely mutually independent.
The only meaningful choice we can make is that of the homotopy h. This means that we are
free to provide any proofs we like for the remaining steps without having to worry about
future coherences.

2. In many concrete cases (especially those relating to the symmetric monoidal structure of the
smash product), the homotopy & will be defined by kh(ay, . . ., a,) := refl. This means that all
other data we need to provide are equalities of composite paths defined entirely in terms of
applications of f and g on push| and push, - something we can usually simply unfold to
something (hopefully) simple.

3. Going from Lemmas 19-20, we see that only two additional assumptions are needed. If we
were to increase the number of copies of smash products appearing in the domain by one, we
would only need to provide two additional squares (and still no higher coherences). Hence,
the complexity of such proofs grows linearly with the complexity of the domain. For compar-
ison, if we were to resort to a naive proof by a deep smash product induction, the amount of
data needed would grow exponentially.

While it is possible to generalise Lemmas 19 and 20 to a statement concerning n-fold smash prod-
ucts, let us, for now, only summarise the fundamental idea behind Lemmas 19 and 20 in terms of
an informal heuristic.

Heuristic 21. To show that two functions f,g: \;-, Ai = B are equal, it suffices, by iterative
application Lemmas 18, 16 and 14, to provide a family of paths h(xy,...,x,)  f(x1,...,Xn) =
g{x1, ..., %y) for x; 1 A;j and to show that it is coherent with f and g on any single application of
push or push, (e.g, ap_ .., s, (Pushi(xi,...,xi—1)). Furthermore, if an equality of pointed
functions is required, we need to provide a filler of the following square:

F(xn) — L xp — s g(xn)
apf(pushr(mﬁ Tapg(pushr(m)
F{*n, *a,) g(*r; *4,)
f(*Ap"'v*An) g(*AI?"'7*An>

h(*A] ""’*An)

The reader who is looking for a precise mathematical statement of the above is referred to
Section 6 where we also introduce some additional machinery required to make the idea formal.
For now, we will settle for this informal heuristic - in practice, when working with functions over a
small fixed number of smash products, we do not quite need the full strength of a general theorem.

5. The Symmetric Monoidal Structure

Let us reap the fruits of our labour and show that the smash product defines a (1-coherent)
symmetric monoidal product on the universe of pointed types. We will not verify all axioms

https://doi.org/10.1017/5S0960129524000318 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129524000318

Mathematical Structures in Computer Science 999

here, since this is neither very instructive nor very interesting. Instead, we sketch the
proofs of the two most technical properties and refer the interested reader to the computer
formalisation.

Proposition 22. The smash product satisfies the hexagon identity, that is, we have an equality
of pointed functions Hy = H; where Hy and H, are defined as the composites of each side of the
following hexagon.

1
(AAB)AC —222MC L (Baayac

\ ~<
\ ~o
O‘A‘B,Cl . ~ l‘XB.,A,C
~
N N

A/\(B/\C)\\HO & < BA(ANC)

BA.BACl \\\\ A llB/\ﬁA,C
ST
(BAC)AA o BA(CAA)

Proof sketch. We show the statement by an application of our heuristic which, in this case, takes
the form of Lemma 19. We provide the data as follows:

1. For the homotopy h(a, b, ¢) : Ho{(a, b, ¢) = H){(a, b, c), we simply choose h(a, b, ¢) := refl, since
both sides compute to (b, ¢, a).

2. For example, the fourth datum in Lemma 19 computes to' the following square-filling

problem:
(*B, *c, *a) refl, (*B, *C, *a)
pushy (+0)ap(, .-y (push (+¢)) ' Toushy(e5)ap(, ) (pushy (1))
ANC AC
reﬂT Trefl
e e
(- (push, (@)-push ()] TP Cpush (@) push )
(b, *c,a) ——— (b, *C,a)
which is solved by refl.

3. The remaining squares are computed and solved in an identical manner.

4. For the pointedness, we need to fill the square outlined in end of the statement of Heuristic
21. This is equally direct since x, = g, = refl, which holds because all functions involved in
the definitions of Hy and H; are pointed by refl. 0

Proposition 23. The pentagon identity holds for the smash product, that is, we have an equality of

pointed functions Py = Py where Py and Py are defined as the composites of each side of the following
pentagon.
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((AAB)AC)AD
(XV NN OANB,C.D
(AA(BAC))AD e (AAB) A(CAD)
| M
@A BAC.D N S~ @A,B.CAD
pe ~3
-

A B D > AN (B D

A((BAC)AD) Trnen A(BA(CAD))

Proof. The statement follows easily by the heuristic, which in this case corresponds to Lemma 20.
The proof is identical to the proof of Proposition 22 and follows simply by evaluating Py and P;
on the 1-dimensional path constructors involved and noting that all square-filling problems listed
in Lemma 20 become trivial.

All other axioms defining a symmetric monoidal wild category follow in the same direct man-
ner and we, after some rather mechanical labour (see computer formalisation), easily arrive at the
main result.

Theorem 24. The universe of pointed types forms a symmetric monoidal wild category with the
smash product as tensor product.

5.1 Back to Brunerie’s thesis

A first consequence of the fact that Theorem 24 finally has a complete and computer formalised
proof is the correctness of Brunerie’s PhD thesis (2016). While a computer formalisation of the
main results of the thesis was presented by Ljungstrom and Moértberg (2023), this formalisation
did not stay completely true to Brunerie’s original proof. Indeed, certain proofs and construc-
tions were reworked in order not to rely on results concerning smash products. Most notably,
the cup product was redefined using an alternative definition by Brunerie et al. (2022, Section
4.1). In Brunerie’s thesis, the cup product (on integral Eilenberg—MacLane spaces) is defined as a
map —: K(Z, n) A K(Z, m) - K(Z, n + m) where, for n,m > 1, we have K(Z, n) := ||S"||,, that
is, the n-truncation of the n-sphere. Here, we define " := X"T1(@), that is, it is the (n+ 1)-
fold suspension of the empty type, where, recall, the suspension of a type A, is the HIT X(A)
generated by

« two points north, south : £(A),
« paths merid (a) : north = south for each a : A.

Brunerie’s construction of the cup product is by means of a lift from the corresponding map on

spheres.
S A S™M Anm N Sn+m
- 1al-1] -
K(Z,n) NK(Z,m) ----- —---> K(Z,n+m)

Above, the map Ay, : S" A S™ — §"™ is the canonical equivalence defined in, for example,
Brunerie (2016, Proposition 4.2.2). With this construction, most properties of the cup product
can be shown by showing that the corresponding properties hold for A, ,,,. In particular, graded-
commutativity and associativity follow, respectively, from the following two propositions.
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Proposition 25 (Brunerie 2016, Proposition 4.2.4). The following diagram commutes.

STAS" —————— ST AN

/\n,mJ/ J//\mm

Sn+m ( l)mn Sn+m

where (— 1) : 8" — §" is defined by sending merid (a) to merid (@)~ L.

Proposition 26 (Brunerie 2016, Proposition 4.2.2). The following diagram commutes.
Sn+m A Sk

/\n,m+1<

(/\W,m)/\lsk

(S" A S™) A S

Ggn gm sk grntk

S"A(S"ASK) ——— S ASTHE
Lon A(Amk)

These results are proved by Brunerie using proofs which rely on the symmetric monoidal struc-
ture of the smash product. While Proposition 25 should be provable using the partial proof of
symmetric monoidality due to van Doorn (2018, Section 4.3), Brunerie’s proof of Proposition 26
relies on the pentagon identity which, until now, has been open. Thus, with Theorem 24 we can
finally conclude the following.

Theorem 27. The cup product, as constructed in Brunerie (2016, Definition 5.1.6), forms a graded-
commutative and associative multiplication K(Z, n) A K(Z, m) — K(Z, n + m).

We remark that we have not provided a computer formalisation of the above since there already
exist well-developed computer formalisations of the cup product and cohomology rings (Brunerie
et al. 2022; Lamiaux et al. 2023; Ljungstréom and Mortberg 2024).

6. A Formal Statement of the Heuristic

In a classical setting, the iterated smash product A\
(Ag x - - x Ap)/FWi<,(A;) where

i<n Ai can be described as the quotient space

FWi<n(A;) :={(a0, . . ., an) | ai = %4, for some i} CAg X - - - X Ay,

It is unclear how to mimic this construction in HoTT in a useful way, as the naive definition forces
us to add, in a systematic way, an exponential number of higher coherences. However, the naive
definition may still prove useful. Here, by ‘naive definition’, we mean the disjoint union

FSicn(Aj) i= |_| (Ag> X e X AE;)) where A(" = {‘14] izj

i<n
While the cofibre of the canonical map FS;<,(A;) = Ag X - - - x A, does not quite give us /\,_,, Aj,
it does, however, provide a useful approximation. This is, in fact, precisely the content of our
heuristic. We will soon make this precise. Before this, let us give a less set-theoretic definition of
FSi<n(A;) which is easier to work with in HoTT.
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Definition 28. Given pointed types Ay, . . ., Ay, we define FS;<,(A;) by induction on n as follows.

1 iftn=0
FSi<n(Ai) :=
i<n(Ai) {(Fsignl(Ai) XA+ Agx - xAu_1) ifn>0

Let us, for clarity, explicitly describe the canonical map y, : FSi<,(A;) > Ag X - -+ X A,. It is
recursively defined with yp : 1 — Ay picking out the basepoint x4, and
Y (FSicn—1(A;) X Ay) +(Ag X -+ X Ay—1) > Ag X -+ - X Ay

(1) (2)

being defined by y, =y, ’ + ¥~ where

Y (%, an) = (Va1 (%), an)

VVEZ)(ﬂo, ceosn—1) =(ag, . . ., an—1,*Ay)

Definition 29. Given pointed types Ao,...,A,, we define 7\1’571Ai to be the cofibre of
Vn : FSi<n(Aj) = Ag X - - - X Ay, that is, the following pushout.

FSica(A;) ——"—— Agx---xA,
1 > NicnAi

We give its constructors explicit names and write

*% for its basepoint,
e {ag,...,ay) forits underlying points,

« push®(x): (yn(l)(x)) = 3 for the first coherence given by the pushout square,

« push@(x): (yn(z) (x)) = % for the second coherence given by the pushout square.

It is easy to see that the composition FS;<,(A;)) > Ao X -+ XA, — /\isn A; is null-
homotopic. Hence, there is a basepoint preserving inclusion (of constructors) ¢: /\

/\isn A;st.tlag,...,a,) = {dag,...,a).
We also remark that there is an inclusion 1: (/\iin_lA,-) x Ap — \;<pAi. It is defined by:

ignAi -

1 (%, an) 1= *x
T ((a0> .. >an—1): an) = <a0’ s an)

apT(_’a”)(puSh(x)) = push(l)(x, an)

Furthermore, 1 commutes with ¢ in the sense that, for x: /\ifn—lAi and a, : A,, we have the
following path (in /\,, Ai):

2N (x,a,) 11 (1 (%, an)) = (1(x), an)

One constructs 1" (x, a,) very directly by induction on x. Let us give the construction when x
is a point constructor. When x := (ay, . . . , a4—1), the statement holds by refl. When x := %, the
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type of TCOh (x, a,) reduces to x, = (, a,,) which holds by pushr(an)_l. Hence, we define

2N ((ag, ..y an_1), ap) := refl 3)

A€ (xx, a,) 1= push,(a,) ™! (4)

The higher coherence is very straightforward and we omit it for the sake of readability. We are

now ready for the key result of the section. It makes precise to what extent /\;_,A; approximates
/\i<,Ai and may be seen as a formal version of our heuristic. We will later restate the result in a
less technical and more self-contained form.

Theorem 30. Let f,g: Ai<nA; — B. Given a homotopy py, : (x: 7\i<nA,-) — f(u(x)) = g(i(x)), there
is a homotopy py : (x: ANi<pAi) — f(x) = g(x). Furthermore, p, satisfies:

Pn(*n) =Dn(*x) (5)
Pn(QOw«-,an>:I~7n<a0’-~’an) (6)

Proof. We proceed by induction on n. When n = 0, the map ¢ is simply the canonical equivalence

between the cofibre of the unique pointed map 1 —, A and Ay itself, and the theorem is trivial.
Let n>1 and let f, g and p,, be as in the theorem statement. Let us, for clarity, rewrite the

domain of f and g as the binary smash product (/\;-,_; Ai) A Ay. In order to construct p, : (x:

(/\l.Sn_1 Ai) ANA,) — f(x) = g(x), it suffices, by Lemma 11, to define

(@) apathpy(*p):f(*n)=g(*r),
(b) for a,:A,, homotopies p,(—, a,) : (x /\1<n LAD = flxy) =g y),
(c) Foreacha,:A,, afiller of the square

n(*A)
f(xn) —F g(*n)
apf<push,(an)>T Tapg(pushr(an))
f(*nsan) W g(*n,an)
(d) Foreach x: /\ifn—l Aj, afiller of the square
FOn) =0 ()
apf(pushl(x)ﬁ Tapg(push.u))
f<x, *An> p11<x7*An> g<x’ *An>

For (a), we know that ((*x ) :=«, and thus p,(*x ) :f(%x ) =g(*. ). Consequently, we may
simply set p,(*x ) :=Pn(*% ). Doing so, (5) holds definitionally. For (b), we fix a, :Ap. By the
induction hypothesis, it suffices to construct p,(t(x), a,) : f (t(x), y) = g(t(x), y) for x: \;-,_,Ai
We do this by the comp051te path -

an(T n)) Pn(t(xan))

f(1(x), an) fGa(1 (x,an)))

Pg(T X,an))
—)

g( (T (x an))) g(l(x)van>
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This completes the construction of p,(—, a,). Note that, since p,(—, a,) was constructed using
the induction hypothesis, we also get the following from (5):

Pulr @n) = AP 1M (0, 20)) - Bl 1 (kns @) - aPg( 1M (0, ) by (5)
= ap;(push,(an)) - pa(*x ) - apg(pushy(a,) ™" by (4)
and the following from (6):
Puldn-1,an) = (1" @p1,1)) B 1 @1, 0)) - aPg( 1N (-1, 0,)) by (6)
=refl - py(ay—1,an) - refl by (3)
=Dn(@n—1,an)

where a,,_1 is short for (ag, . . ., a,—1). So, to summarise, we have the following two identities for

P<_s an>:
Pn(*n ) = apg(push,(an)) - pu( % ) - apy(push(a,)) ™! (7)

Pn((ao’- . -aan—1>>an>=5n<a0a- s Qn_1,An) (8)

Note that, in particular, the latter identity verifies (6). Let us now turn to (c). By (7), we simply

need to fill the square
n(*n)
F(on) - » 8(*n)
apf(Pushr(an))T Tapg(push,(a,,))
f(*/\van) ,1> g(*/\7an)

aps(push, (an))-pn(*r)-ap(push, (an))

which is entirely trivial by definition of path composition.

Finally, let us provide the data asked for in (d). Filling the square is equivalent to constructing,
ahomotopy (x: /\;_,_; Ai) — left(x) = right(x) where left, right: \;_,_; Ai = f(xr ) =g(*A)
are defined by:

left(x) :=pu(*n )
right(x) := ap(pushy(x)) ™" - pa(x, xa,) - ap,(pushy(x))

The codomain f( %, ) =g(*x ) is homogeneous (with left( x, ) as basepoint) and thus Lemma 16
applies. Hence, we only need to show that

left(ao, ey (Zn_1> = right(ao, e an_l)

Let us rewrite p,(—,*a,) according to (8) and transform the above back into square form. The
problem is to fill the square

Pn(*n)

F(xn) > 8(*n)
apf(pUSh|<a07“'7an—|))T Tapg(pUShmaOv“?an—l))
f(<a0>"~aan—l>7*An> ﬁn(QOan-«ﬂn—h*AH) > g<(a07"‘7an—1)7*An>
Such a square is given precisely by apﬁn(push(z)(ao, ...,dy—1)), and we are done. O

Let us restate the result in a more compact and self-contained form.
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Corollary 31. Let f,g: /\
got thenf=g.

A;— B.If f and g agree on ¢ : 7\1»5”A,«—> Ni<n Ais that is if for=

i<n

For completeness, let us also state the analogous result for pointed maps.

Corollary 32. Let f,g: A\
of pointed maps f = g.

A;—,B.If foi=gou as pointed map, then we obtain an equality

i<n

7. Conclusions and Future Work

Let us summarise the key contributions of this paper. First and foremost, we have shown in
Sections 3 through 5 that the smash product forms a 1-coherent symmetric monoidal product
on the wild category of pointed types (Theorem 24). This fills a long-standing and rather trouble-
some gap in the HoTT literature. In particular, it implies the correctness of previous work which
relies on this result - perhaps most notably, that of Brunerie (2016) and van Doorn (2018).

Second, we have presented a new method for reasoning about smash products in HoTT. This
was first done by introducing, in Section 4, an informal heuristic which was used heavily leading
up to Theorem 24. We later provided an attempt at a formal version of the heuristic in Corollaries
31 and 32. The message of these results is simple: functions defined over smash products in HoTT
are not much harder to deal with than those defined over ordinary Cartesian products. This
contradicts a commonly held view that smash products in HoTT become unworkable in higher
dimensions.

In addition to salvaging already existing work relying on unproved results about smash prod-
ucts, we also hope that the results presented here will be useful in the further development of
synthetic homotopy theory in HoTT. In particular, Theorem 24 is not the only consequence
of Propositions 25 and 26. These propositions capture two important properties of the equiva-
lence Ay : S* A S™ > §"T™ For instance, the special case when n = m = 1 was implicitly used by
Ljungstrom and Mortberg (2023, Section VI.) in order to provide a simplified version of Brunerie’s
proof of 74(S?) =7Z/27. More generally, Ay :S" A S™ > S"T™ gives rise to the Whitehead
product (Whitehead, 1941). This operation was originally defined in HoTT by Brunerie (2016,
Definition 3.3.3.) using joins of spheres, but we can also give it a rather compact construction in
terms of A ,: the Whitehead product [f, g] of two maps f : S"*! —, Aand g: S"*! —, A can be
viewed as the map defined by the composition:

s Q
grim L gn  gmy SOMML g gntly, gmtty S8 )

where comm sends (x, y) to alfl(x) or(y) - oy(x) - ofl(y), where o : SF — QS**! is defined by

o (x) = merid (x) - merid (north) ™! and the subscripts [ and r indicate in which component of
§"+H1 v §™F1 the loop takes place. This induces a map on homotopy groups

Tnt1(A) X Tt 1(A) = T (QUA)) = Tppm1 (A)

which, classically, turns 7, (A) into a graded quasi-Lie algebra (Uehara and Massey 1957). This fact
is still open in HoT'T, but we conjecture that Propositions 25 and 26 will play a crucial role in a
prospective proof. More concretely, as A, ,, is used in the construction of this map, Proposition 25
and 26 should, respectively, play important roles in prospective proofs of graded symmetry and
the Jacobi identity.

On a related note, the heuristic presented in Section 4 and the related results in Section 6 are
reminiscent of results from the study of polyhedral products (see e.g., Bahri et al. 2019; Theriault
2018). This is a field of mathematics which, very coarsely speaking, explores and generalises the
mediation between iterated wedge sums and iterated Cartesian products. It is unclear whether
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this topic can be studied in a meaningful way through the lens of HoTT, but exploring this would
certainly amount to an interesting continuation of the work we have presented here.

Another interesting question which we have not covered here is whether our heuristic can
be used to show the primary technical gap in the thesis of van Doorn (2018), namely that the
equivalence (1) is a pointed natural equivalence. This would show that the universe of pointed
types is a closed monoidal (wild) category. It is not obvious that the heuristic, as it is phrased in
this paper, is suitable for this problem. Nevertheless, it is not unlikely that techniques similar to
those used here still apply. We leave this for future work.
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Note

1 By ‘computes to’ we do not mean ‘normalises in Agda to’. We mean ‘compute’ in the manual sense, that is, by tracing Hy
and H; on the point and path constructors involved. Direct normalisation in Agda produces rather large and unmanageable
terms. However, using Agda to normalise the terms in a more controlled manner (i.e., step-by-step) is very useful, as a sanity
check, for inspecting the action of Hy and H; on the path constructors involved.
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